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We investigate the basic constraint on amplifying the asymmetry in quantum states with correlated catalysts.
Here a correlated catalyst is a finite-dimensional auxiliary, which exactly preserves its reduced state while
allowed to become correlated to the quantum system. Interestingly, we prove that under translationally invariant
operations, catalysts in pure states are useless in any state transformation, while with a correlated catalyst in a
mixed state, one can enlarge the set of accessible states from an initially asymmetric state. Moreover, we show
that the power of a catalyst increases with its dimension, and further, with a large enough catalyst, a qubit state
with arbitrarily small amount of asymmetry can be converted to any mixed qubit state. In doing so, we build a
bridge between two important results concerning the restrictions on coherence conversion, the no-broadcasting
theorem and the catalytic coherence. Our results may also apply to the constraints on coherence evolution in
quantum thermodynamics, and to the distribution of timing information between quantum clocks.
Introduction.— Finding out whether a quantum state can
be converted to another under a set of restricted operations
is a problem originated from the entanglement theory [1],
and has recently been studied in a variety of resource the-
ories [2–5]. Moreover, in resource theories such as entan-
glement [6], athermality [7], coherence [8–11], and quantum
randomness [12], catalysts are employed to enhance the abil-
ity of state conversion. A catalyst is an ancilla which inter-
acts with the system and then returns to the exact original
state. Conventionally, the catalyst is required to be uncorre-
lated to the system after the process [4, 13–15]. Nevertheless,
recent researches suggest that the creation of correlations may
greatly extends the set of accessible states [16–20]. In partic-
ular, in the resource theory of athermality, if this uncorrela-
tion requirement is lifted, the catalyst becomes more power-
ful, namely, it enables state conversions which are not achiev-
able using an uncorrelated catalyst [16].
Surprisingly, evidences have been uncovered that catalysts
might be useless in the resource theory of asymmetry. The no-
catalysis theorem, as proved in Ref. [21], states that if a pure
state cannot be converted to another pure state using opera-
tions which are symmetric under a compact Lie group, then
any finite-dimensional catalyst in a pure state can not enable
this conversion. Furthermore, by the no-broadcasting theo-
rem of asymmetry [22, 23], the creation of asymmetry in an
initially symmetric state is impossible even with a correlated
finite-dimensional catalyst, in comparison to the protocol of
catalytic coherence [24] where arbitrary amount of coherence
between energy levels can be created by interacting the sys-
tem with an infinite-dimensional catalyst. In order to explore
the crossover between the no-broadcasting theorem and the
catalytic coherence, we ask the following question: to what
extent can a finite-dimensional catalyst enlarge the set of ac-
cessible states under symmetric transformations?
Because the creation of correlations between the system
and the catalyst may ease the state transformation, and this
correlation does not affect the ability of the catalyst in other
state transformations, we allow the catalyst to become corre-
lated to the system on which it act. In this paper, we only
impose two restrictions on the catalytic system: (1) it is finite-
dimensional; (2) its reduced state is exactly identical before
and after the state conversion. Here we first prove a general
result that a catalyst can extends the set of accessible states
only if it is in a mixed state, which generalizes the no-catalysis
theorem in Ref. [21]. Then we show that, in contrast to other
resource theories, there is no bound on amplifying the asym-
metry with correlated catalysts. That is, any qubit state with
arbitrarily small amount of asymmetry can be boosted to a
state arbitrarily close to the state with maximal asymmetry, as
long as the dimension of the catalyst is large enough. The ap-
plications of our results to the constraints on catalytic coher-
ence evolution in quantum thermodynamics, and to the distri-
bution of timing information, are also discussed.
Notions.— In the resource theory of asymmetry, the free
states are the so-called symmetric states ρsym which is in-
variant during the evolution under its Hamiltonian H , i.e.,
e−iHtρsymeiHt = ρsym. The free operations are the trans-
lationally invariant operations (TIOs), or covariant opera-
tions, which are defined as completely-positive and trace-
preserving (CPTP) maps E satisfying E (e−iHtρeiHt) =
e−iHtE(ρ)eiHt, ∀ρ. The set of states that can be converted
to from a state ρ via TIO is called the TIO cone of ρ, labeled
as CTIO(ρ) ≡ {ρ′|ρ′ = E(ρ), E ∈ TIO}.
The correlated catalytic TIO (CCTIO) on a systme S with
Hamiltonian HS are implemented by coupling S to a finite-
dimensional auxiliary C with Hamiltonian HC via a global
translationally invariant operation which preserves the re-
duced state of C. Here by “correlated”, we mean that we
lift the traditional restriction that the catalyst is uncorrelated
from the system in the output. Precisely, we say that a state
ρ can be transformed to ρ′ by CCTIO, if there exist a finite-
dimensional auxiliary system in state σC , and a global covari-
ant operation E satisfying E (e−i(HS+HC)t · ei(HS+HC)t) =
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2e−i(HS+HC)tE(·)ei(HS+HC)t such that
E(ρ⊗ σ) = ρ′|σ. (1)
Here the label ρ′|σ means a bipartite state of S and C, whose
reduced states are ρ′ on S and σ on C. Notably, the state of
C is exactly identical before and after the action of E . The set
of states achievable under CCTIO from ρ is called the CCTIO
cone of ρ, and the auxiliary C is called the correlated catalyst.
When the dimension of C is restricted to d, the CCTIO cone
of ρ is labeled as C(d)CCTIO(ρ).
Catalysts in pure states are useless.— When the catalyst is
in a pure state σ = |φ〉〈φ|, the transformation in Eq. (1) reads
E(ρ⊗ |φ〉〈φ|) = ρ′ ⊗ |φ〉〈φ|. (2)
Because it is required that the state of the catalyst is exactly
retained, the purity of σ ensures that S and C are not corre-
lated in the output. For an asymmetry monotone I(ρ) which is
additive on tensor products (such as quantum fisher informa-
tion and the Wigner-Yanase skew information, see Appendix
B for a brief review), Eq. (2) implies that I(ρ′)+I(|φ〉〈φ|) =
I(ρ′ ⊗ |φ〉〈φ|) ≤ I(ρ ⊗ |φ〉〈φ|) = I(ρ) + I(|φ〉〈φ|), and
hence, I(ρ′) ≤ I(ρ). It means that with a finite-dimensional
pure catalytic state, the asymmetry monotone I can never be
increased.
Yet, it is not as simple to see whether other asymmetry
monotones, which are not additive on tensor products, are also
monotonic under the catalytic transformation in Eq. (2). In
the following theorem, we show a stronger result. Namely,
any catalyst in a pure state cannot enable state transformations
which are not achievable by TIO. The proof of this theorem is
in Appendix A.
Theorem 1. If the state ρ cannot be transformed to ρ′ under a
TIO, then transformation ρ⊗|φ〉〈φ| 7→ ρ′⊗|φ〉〈φ| under TIO
is also not achievable for any choice of pure catalytic state
|φ〉.
This theorem is our first main result. It generalizes the
no-catalysis theorem [21], in which the states ρ and ρ′ are
restricted to pure states, and indicates that catalysts in pure
states are useless in any state transformation under covariant
operations.
Extending the set of accessible states with correlated
catalysts.— When the catalyst is in a mixed state σ, it may
become correlated to the system after the transformation. Be-
cause there are correlated states ρ′|σ such that I(ρ′|σ) <
I(ρ′)+I(σ) [22], it is possible that I(ρ′) > I(ρ), i.e., a corre-
lated catalyst may enable state transformations which are not
achievable under TIOs.
In Ref. [19], a stationary machine was designed to control
and amplify the energetic coherence in quantum systems. It
gives an evidence that with the help of a correlated catalyst
(the stationary machine), one can achieve state transforma-
tions which can not be realized via TIOs. Nevertheless, it is
not quite straightforward to see whether the state of the cata-
lyst (machine) is exactly identical after each round, due to the
approximations in deriving the master equations.
Here we give an analytic example, which shows that a
global TIO acting on S and C can transform the state of S
to a state not achievable under TIOs, while strictly preserve
the reduced state of C. Consider a system qubit with Hamil-
tonian HS = ∆2 σ
z and a catalytic qubit with Hamiltonian
HC =
∆
2 σ
z , where σx,y,z denote the Pauli matrices and
∆ > 0 is the energy gap. Initially, the two-qubit state of the
system and the catalyst reads ρ(η)⊗ σ↑C(η), where
ρ(η) =
1
2
(1 + ησx), 0 < η < 1 (3)
σ↑(η) =
1
2
1 +
√
3η
4
σx +
4− η2
12
σz. (4)
After the application of the global covariant operation E↑(·) =
K0(·)K†0 +K1(·)K†1 with
K0 =

1 0 0 0
0 14
√
3
4 0
0
√
3
4
3
4 0
0 0 0 1
 ,K1 =

0 −
√
3
2
1
2 0
0 0 0 0
0 0 0 0
0 0 0 0
 , (5)
we obtain a correlated two-qubit state, whose reduced states
are
ρ↑(η) =
1
2
1 +
25η − η3
48
σx +
1− η2
6
σz (6)
on S and σ↑(η) on C.
The TIO cone of ρ(η) reads CTIO[ρ(η)] = {ξ|ξ = 12 [1 +
r(cosφσx + sinφσy) + rzσ
z], rz ∈ [−1, 1], φ ∈ [0, 2pi), 0 ≤
r ≤ η√1− |rz|} (see Appendix D for a proof). Hence for
any state ξ ∈ CTIO[ρ(η)], it holds that Tr(ξσx) ≤ η. Because
Tr
[
ρ↑(η)σx
]
> η, we have ρ↑(η) /∈ CTIO[ρ(η)]. It means
that the state transformation from ρ(η) to ρ↑(η), which is not
achievable by TIO, can be enabled by employing a correlated
catalytic qubit. Notably, the reduced state σ↑(η) of C is ex-
actly identical before and after the action of the global TIO
E↑, which excludes the phenomenon of embezzlement.
Next we analyse whether the power of catalysis is affected
by the dimension d of C. Here we focus on the whole set
of accessible states from a given initial state, instead of the
amplification of some asymmetry measure, in order to avoid
the dependence on the choice of asymmetry measure. Specifi-
cally, we numerically calculate the CCTIO cone with d = 2, 3
of state ρ(η). The numerical method in obtaining this result
is detailed in Appendix. E. In the Bloch presentation, the
basic structure of the CCTIO cone of a qubit state is that it
is rotationally symmetric about the z axis. For state ρ(η), it
is also symmetric about the xy plane (see Appendix D for
a proof). In Fig. 1, we plot CTIO[ρ(η)], C(2)CCTIO[ρ(η)], and
C(3)CCTIO[ρ(η)] within the xz plane with x ≥ 0 and z ≥ 0.
Clearly, C(3)CCTIO is strictly larger than C(2)CCTIO. It means that,
with a correlated catalyst of higher dimension, more state con-
versions can be realized.
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FIG. 1. Comparison of the TIO cone, and the CCTIO cone with 2-
dimensional and 3-dimensional catalyst, of a qubit state. The initial
state is ρ(η) as in Eq. (3) with η = 0.3.
Unbounded amplification of asymmetry.— Here we propose
a protocol for amplifying the asymmetry of a qubit using a
finite-dimensional correlated catalyst. This protocol shows
that, any input qubit state ρ satisfying [ρ,HS ] 6= 0 can be
transformed to a state arbitrarily close to ρ+ = 12 (1+ σ
x) via
CCTIO, given that the dimension of catalyst is large enough
(but still finite). Notice that ρ+ is the qubit state with the
maximum amount of asymmetry, when a variety of asymme-
try measures, including those based on the skew information,
relative entropy, robustness, etc., are employed.
Our protocol is a generalization of the analytic example in
the last section. Here the catalyst C consists of N particles,
labeled as C1, . . . , Ci, . . . , CN , each of which contains two
qubits Ci1 and Ci2. The Hamiltonian of the ith particle Ci
reads HCi = HCi1 + HCi2 with HCi1 =
∆
2 σ
z and HCi2 =
∆′
2 σ
z . The reduced state of Ci is set in the form
σ(ηi) =
1
2
σ↑(ηi)⊗ | ↑〉〈↑ |+ 1
2
σ↓(ηi)⊗ | ↓〉〈↓ |, (7)
where σ↑(ηi) as in Eq. (4) and σ↓(ηi) ≡ σxσ↑(ηi)σx are
states of qubit Ci1, the parameter ηi depends on the state of
the system qubit, and | ↑〉 and | ↓〉 are energy eigenstates of
qubit Ci2.
To start with, we convert the initial asymmetric state of the
system qubit to ρ(η1) with η1 > 0 via TIO. Then the system
qubit is coupled to each of the N particles via TIO conse-
quently. In each turn, the TIO reads
Ei = E↑ ⊗Π↑ + E↓ ⊗Π↓, (8)
where the two-qubit TIOs E↑ and E↓ are applied to S and
Ci1, and Π↑ and Π↓ are projectors to the energy eigenstates
of qubit Ci2. Here E↑ is in the form of Eq. (5), and E↓ ≡
Ux ◦E↑ ◦Ux, with Ux(·) = σx⊗σx(·)σx⊗σx and ◦ denoting
the composition of quantum operations. It can be checked by
definition that Ei is a TIO on the composite system SCi1Ci2.
Effectively, we have
Ei[ρ(ηi)⊗ σ(ηi)]
=
1
2
ρ↑(ηi)|σ↑(ηi)⊗ | ↑〉〈↑ |+ 1
2
ρ↓(ηi)|σ↓(ηi)⊗ | ↓〉〈↓ |
= ρ(ηi+1)|σ(ηi), (9)
where ρ↓(η) ≡ σxρ↑(η)σx, and ηi+1 = ηi+ 124ηi(1−η2i ) for
i = 1, . . . , N .
The operations involved in our protocol are CCTIO. Be-
cause Ei are TIO, the composed operation E ≡ EN ◦ · · · ◦E1 is
also TIO. In the following, we prove that TrS [E(ρ⊗ σ)] = σ,
i.e., the N -particle catalytic state σ exist such that it is not af-
fected by E . Firstly, the reduced state of particle Ci is affected
neither by Ei due to Eq. (9), nor by Ei′ with i′ 6= i, so we have
Tr\i[E(ρ ⊗ Σ)] = σ(ηi), ∀i, where Σ is any N -partite state
satisfying Tr\i(Σ) = σ(ηi),∀i, and Tr\i means partial trace
on all systems exceptCi. Then let σ(1) = σ(η1)⊗· · ·⊗σ(ηN )
and σ(j+1) = TrS [E(ρ ⊗ σ(j))], and we have Tr\i(σ(j)) =
σ(ηi),∀i, j. Now we define σ = limn→∞ 1n
∑n
j=1 σ
(j), and
then
TrS [E(ρ⊗ σ)] = lim
n→∞
1
n
n∑
j=0
TrS [E(ρ⊗ σ(j))]
= lim
n→∞
1
n
n∑
j=1
σ(j+1)
= σ + lim
n→∞
1
n
[σ(n+1) − σ(1)] = σ. (10)
Now let us illustrate that a state arbitrary close to ρ+ can be
achieved by our protocol, if the initial state is not symmetric
and the catalyst is large enough (but still finite). Specifically
speaking, from any qubit state ρ satisfying [ρ,HS ] 6= 0 and
∀ > 0, the state ρ(η′) with 1 −  < η′ < 1 can be achieved
with finiteN . From Eq. (9), after the action of Ei, the parame-
ter η is increased by ∆ηi ≡ ηi+1−ηi = 124ηi(1−η2i ). Because
η1 > 0 and η′ < 1, we have 0 < ηi < 1,∀i, and hence ∆ηi >
0. Therefore, we need at most Nmax ≡ (η′ − η1)/∆ηmin par-
ticles in the catalyst, where ∆ηmin ≡ mini ∆ηi. Apparently,
Nmax is finite because η′ − η1 < 1 and ∆ηmin > 0.
The condition [ρ,HS ] 6= 0 on the input state ρ is essential
in our protocol. If it is satisfied, we have ρ(η1) ∈ CTIO(ρ)
with η1 > 0 (see Appendix D). Otherwise, η1 = 0, and
hence, ∆ηi = 0,∀i. It means that, if we start from a sym-
metric state, it remains symmetric for arbitrary large N . This
is compatible with the no-broadcasting theorem of asymme-
try [22, 23]. Namely, by employing a correlated catalyst, one
can amplify the asymmetry in an asymmetric state, instead of
creating asymmetry in a symmetric state.
Here we mention that in general, it is impossible to reach
ρ+ exactly with any finite-dimensional catalyst. Suppose
there are a finite-dimensional catalytic state σC and a global
TIO E such that E(ρ ⊗ σC) = ρ+|σC . Because ρ+ is a pure
state, the bipartite state in the output is not correlated, i.e.,
ρ+|σC = ρ+ ⊗ σC . It follows that I(ρ) ≥ I(ρ+), which
4holds only if ρ is on the equator of the Bloch sphere. There-
fore, it is impossible to transform any state (other than the
ones equivalent to ρ+ by symmetric unitaries) exactly to ρ+
by any CCTIO process.
This protocol can be generalized to transform an asymmet-
ric state to any mixed qubit state. It follows that the CCTIO
cone of an asymmetric qubit state includes all but the surface
states of the Bloch ball. In other words, let ρ and ρ′ be two
qubit states. The state conversion from ρ to ρ′ is achievable
under CCTIO, as long as [ρ,HS ] 6= 0 and ρ′ is a mixed state.
Because for any state ρ, there is a state ρ arbitrarily close to
ρ such that [ρ, Hs] 6= 0, and similarly, for any state ρ′, we
can find a mixed state ρ′′ which is arbitrarily close to ρ
′, we
arrive at the following theorem.
Theorem 2. For any pair of qubit states ρ and ρ′, the state
conversion from ρ to ρ′′ is achievable under CCTIO.
Application to the resource theory of athermality.— In the
resource theory of athermality [25], the free operations are the
thermal operations, which can be implemented by interacting
the system to a reservoir at inverse temperature β and then
shutting down the interaction after a while. Here the interac-
tion preserves the total energy, which makes sure that thermal
operations are translationally invariant.
It was shown in Ref. [16] that, for any pair of symmet-
ric states ρ and ρ′, there exist a finite-dimensional catalytic
system in state σ and a global thermal operation ETO such
that ETO(ρ ⊗ σ) = ρ′|σ, where ρ′ is arbitrarily close to
ρ′, if and only if F (ρ) ≥ F (ρ′). Here the free energy
F (ρ) := Tr(ρH)− ln 2β S(ρ), with the von Neumann entropy
S(ρ) := −Tr(ρ log2 ρ). However, this statement cannot be
generalized to the fully quantum regime where ρ′ is asymmet-
ric but ρ may be symmetric, because of the no-broadcasting
theorem of asymmetry [23].
Our results show that the restriction of no-broadcasting can
be lifted if the initial state has a small amount of asymmetry.
Therefore, the following conjecture may hold. For a given pair
of two quantum states ρ and ρ′, there exist a finite-dimensional
system in state σ and a global thermal operation ETO such that
ETO(ρ ⊗ σ) = ρ′|σ, (11)
with ρ arbitrarily close to ρ, if and only if F (ρ) ≥ F (ρ′).
We will leave further discussions on this conjecture to future
work.
Application to the quantum clock.— After a system is pre-
pared in an asymmetric state ρ, it evolves according to its
Hamiltonian H as ρ(t) = e−iHtρeiHt. From the asymmet-
ric condition [ρ,H] 6= 0, the states ρ(t) are not all the same
and thus contain some time information. In this sense, the
evolution of an asymmetric state is considered as the pointer
of a quantum clock [26]. In general, a quantum clock is iden-
tified by the pair (ρ,H), and its accuracy is quantified by the
Fisher timing information IF (ρ,H) := Tr
(
ρ˙∆−1ρ ρ˙
)
, where
ρ˙ := i[ρ,H] and ∆ρB := 12 (ρB +Bρ).
Previous result has shown that [23], it is impossible to dis-
tribute the timing information of a quantum clock into a sys-
tem with zero timing information, without affecting the quan-
tum state of the clock. Formally, let (ρ1, H1) be a finite-
dimensional quantum clock S1, and the pair (ρ2, H2) with
[ρ2, H2] = 0 denote a system S2 without timing information.
Then the no-broadcasting theorem of asymmetry implies that
there does not exist a global covariant operation E such that
E(ρ1 ⊗ ρ2) = ρ1|ρ′2 and [ρ′2, H2] 6= 0.
In some realistic circumstances, completely dephasing op-
erations are difficult to implement exactly [27, 28]. Therefore,
when initializing the second system S2 to satisfy [ρ2, H2] = 0,
one might obtain a pair (ρ2, H2) with arbitrarily small but pos-
itive Fisher timing information IF (ρ2, H2) =  > 0. Theo-
rem 1 indicates that, if ρ1 is pure, the timing information in S2
is still negligible after the action of a global covariant opera-
tion that preserves ρ1, and thus generalizes the no-distributing
principle of timing information to this noisy case.
Nevertheless, if ρ1 is mixed, then it is possible to make the
clock S2 more accurate without affecting the state of the clock
S1. Further, the obtainable maximum accuracy of S2 depends
on the dimension of S1. Still, it should be noticed that, the
design of S1 depends heavily on the initial state ρ2. Therefore,
in order to deterministically amplify the accuracy of S2, one
must know the exact form of ρ2.
Conclusion and discussion.— We have investigated the
ability of correlated catalyst in amplifying the asymmetry of
a quantum system. While a catalyst in a pure state cannot
extend the set of accessible states from any input state, a
large enough catalyst in a mixed state can enable the con-
version from a qubit state, which is arbitrarily close to (but
not in) the set of symmetric states, to a state arbitrarily close
to ρ+, which is the qubit state with maximum asymmetry.
The asymmetry in the initial state is essential due to the
no-broadcasting theorem [22, 23]. Besides, in the limit of
infinite-dimensional catalysis, ρ+ can be reached as in cat-
alytic coherence [24]. Hence, our result bridges theses two
important results concerning the restrictions on the coherence
dynamics under translationally invariant operations.
It is also of interest to study the amplification of asymmetry
in higher dimensional systems. The main difficulty in solv-
ing this problem is that it is numerically hard to calculate the
cones of a high-dimensional state. An alternative way in deal-
ing with this problem is to calculate the amount of asymme-
try amplified by correlated catalysts, but such results would
depend on the choice of asymmetry measure. A more mean-
ingful question to ask is: can we generalize Theorem 2 to any
finite-dimensional system? We conjecture that the answer is
“yes”. One clue is to use the elementary framework as in Ref.
[29], i.e., to operate on two energy levels at a time. This may
be feasible, because the bounds on coherence dynamics under
TIOs [30, 31] does not eliminate the possibility of engineering
the coherence between two energy levels while preserving the
coherence between other energy levels.
We have seen that, in resource theories of athermality [16]
and asymmetry, correlated catalyst are strictly more powerful
5than the uncorrelated ones. A related open problem is as fol-
lows. Is there any resource theory, in which the creation of
correlations between the catalyst and the system can never ex-
tend the set of accessible states? A sufficient condition is that
for any given bipartite state (whose form is known) of two re-
sourceful systems, one can decouple the two systems while
preserve their reduced states by free operations. This free-
decoupling condition is potentially an interesting problem on
its own, and to our knowledge, has been discussed only in the
resource theory of athermality [32]. If a resource theory sat-
isfies the free-decoupling condition, then any resource mono-
tone are super-additive. However, the converse is not obvi-
ous: a variety of coherence monotones are proved to be super-
additive [33–36], but it is not straightforward to prove that
the resource theory of coherence satisfies the free-decoupling
condition.
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APPENDICES
A. Proof of Theorem 1
Here we first prove a series of lemmas and then present the proof of Theorem 1.
Lemma 1. (Neother’s theorem [21]). For two pure states |ψ〉 and |ψ′〉, there exist a covariant unitary V such that V |ψ〉 = |ψ′〉
if and only if
〈ψ|e−iHt|ψ〉 = 〈ψ′|e−iHt|ψ′〉, ∀t. (12)
Lemma 2. (Marvian and Spekkens [21]). For two pure states |ψ〉, |ψ′〉 ∈ HS and a pure catalytic state |φ〉 ∈ HC , if a global
covariant unitary U induces the transformation
U(|ψ〉 ⊗ |φ〉) = |ψ′〉 ⊗ |φ〉, (13)
then there exist a covariant unitary V acting onHS such that V |ψ〉 = |ψ′〉.
Proof. From Lemma 1 and Eq. (13), we have 〈ψ|e−iHSt|ψ〉〈φ|e−iHCt|φ〉 = 〈ψ′|e−iHSt|ψ′〉〈φ|e−iHCt|φ〉, ∀t. Because
〈φ|e−iHCt|φ〉 6= 0, it follows that 〈ψ|e−iHSt|ψ〉 = 〈ψ′|e−iHSt|ψ′〉, ∀t. Then from Lemma 1, |ψ〉 can be transformed to
|ψ′〉 via a covariant unitary.
Lemma 3. Let |a˜0〉, . . . , |a˜n−1〉, |b˜〉 be state vectors in Hilbert spaceH which need not be normalized. If for a given unitary V1
the following equations hold
〈a˜j |b˜〉 = 〈a˜j |V1|b˜〉, ∀j, (14)
then there exist a unitary V such that V |a˜j〉 = |a˜j〉, ∀j and V |b˜〉 = V1|b˜〉.
Proof. Here we first consider two trivial cases.
Case 1. |b˜〉 = 0. In this case we simply set V = 1.
Case 2. |a˜j〉 = 0, ∀j. In this case, one can set V = V1.
In the situation where the above two cases are excluded, let {|a0〉, . . . , |ad−1〉} be an orthonormal basis for the subspace
A ≡ span{|a˜0〉, . . . , |a˜n−1〉}, and A⊥ ⊂ H be the subspace orthogonal to A. Then |b˜〉 can be written as
|b˜〉 =
d−1∑
k=0
bk|ak〉+ bd|b⊥〉, (15)
where |b⊥〉 ∈ A⊥. From Eq. (14), for any state |a〉 ∈ A, it holds that 〈a|V1|b˜〉 = 〈a|b˜〉, and hence, 〈ak|V1|b˜〉 = 〈ak|b˜〉 = bk, for
k = 0, . . . , d− 1. Therefore,
V1|b˜〉 =
d−1∑
k=0
bk|ak〉+ bd|b′⊥〉, (16)
where |b′⊥〉 ∈ A⊥ and 〈b′⊥|b′⊥〉 = 〈b⊥|b⊥〉. It follows that there exist a unitary V⊥ acting on A⊥ such that V⊥|b⊥〉 = |b′⊥〉. Now
we set V = ΠA ⊕ V⊥, where ΠA is the projection to subspace A.
7Lemma 4. Let |φ〉 be a state in HC and {|ψj〉}k−1j=0 be a set of states in HS . If a covariant unitary U acting on HS ⊗ HC
induces the following state conversion
U(|ψj〉 ⊗ |φ〉) = |ψ′j〉 ⊗ |φ〉, j = 0, . . . , k − 1, (17)
then there is a covariant unitary V acting onHS such that V |ψj〉 = |ψ′j〉, ∀j = 0, . . . , k − 1.
Proof. For k = 1, it is obvious from Lemma 2.
Now we assume it holds for k = n (n ≤ dim(HS) − 1) and prove that it holds for k = n + 1. From the assumption, a
covariant Va exists such that |ψ′j〉 = Va|ψj〉 for 0 ≤ j ≤ n− 1. The condition as in Eq. (17) is then written as
Ua(|ψj〉 ⊗ |φ〉) = |ψj〉 ⊗ |φ〉, j = 0, . . . , n− 1, (18)
Ua(|ψn〉 ⊗ |φ〉) = |ψ′′n〉 ⊗ |φ〉, (19)
where Ua = (V †a ⊗ 1C)U is still a global covariant unitary, and |ψ′′n〉 = V †a |ψ′n〉. Now we define a state |ψ〉 = ca|ψj〉+ cb|ψn〉,
where ca, cb 6= 0 and |ψj〉 is chosen arbitrarily from {|ψj〉}n−1j=0 . From Eqs. (18) and (19), we have
Ua(|ψ〉 ⊗ |φ〉) = |ψ′〉 ⊗ |φ〉, (20)
where |ψ′〉 = ca|ψj〉 + cb|ψ′′n〉. From Lemma 2, Eqs. (19) and (20) imply that |ψ′′n〉 = Vb|ψn〉 and |ψ′〉 = V0|ψ〉, respectively,
where Vb and V0 are covariant unitary operations. Hence,
V0(ca|ψj〉+ cb|ψn〉) = ca|ψj〉+ cbVb|ψn〉. (21)
Let H(i) be the ith energy eighenspace of the system, and then HS = ⊕iH(i). One can write |ψj〉 =
∑
i |a˜(i)j 〉, |ψn〉 =∑
i |b˜(i)〉 where |a˜(i)j 〉, |b˜(i)〉 ∈ H(i) are not necessarily normalized. Because [Vb, HS ] = [V0, HS ] = 0, we have Vb = ⊕iV (i)b
and V0 = ⊕iV (i)0 , where V (i)b and V (i)0 are unitary operators acting onH(i). Eq. (21) is then rewritten as
V
(i)
0 (ca|a˜(i)j 〉+ cb|b˜(i)〉) = ca|a˜(i)j 〉+ cbV (i)b |b˜(i)〉, ∀i. (22)
It means that the states ca|a˜(i)j 〉+ cb|b˜(i)〉 and ca|a˜(i)j 〉+ cbV (i)b |b˜(i)〉 are unitarily equivalent, so their norms equal. By noticing
that this argument holds for all coefficients ca and cb, and for arbitrary choice of |ψj〉, we arrive at
〈a˜(i)j |b˜(i)〉 = 〈a˜(i)j |V (i)b |b˜(i)〉, ∀i, j. (23)
Then by Lemma 3, a covariant unitary V1 exists such that V1|ψj〉 = |ψj〉 = V †a |ψ′j〉 for j = 0, . . . , n− 1, and V1|ψn〉 = |ψ′′n〉 =
V †a |ψ′n〉. By setting V = VaV1, we find that |ψ′j〉 = V |ψj〉, for j = 0, . . . , n, i.e., this lemma holds for k = n + 1. This
completes the proof.
Lemma 5. For any two states ρ and ρ′, and a given pure catalytic state |φ〉 of finite dimension, if there exist a covariant unitary
U , which satisfies [U,HS +HC ] = 0, such that
U(ρ⊗ |φ〉〈φ|)U† = ρ′ ⊗ |φ〉〈φ|, (24)
then there exist a covariant unitary V satisfying [V,HS ] = 0, such that V ρV † = ρ′.
Proof. Given ρ =
∑
j pj |ψj〉〈ψj |, Eq. (24) is equivalent to∑
j
pj |Ψj〉〈Ψj | = ρ′ ⊗ |φ〉〈φ|, (25)
where |Ψj〉 = U(|ψj〉 ⊗ |φ〉). By taking partial trace on S, we have
∑
j pj TrS(|Ψj〉〈Ψj |) = |φ〉〈φ|, and hence,
TrS(|Ψj〉〈Ψj |) = |φ〉〈φ| for each j. It means that each |Ψj〉 is a product state, i.e., U(|ψj〉 ⊗ |φ〉) = |ψ′j〉 ⊗ |φ〉, ∀j. By
Lemma 4, A covariant unitary V exist such that |ψ′j〉 = V |ψj〉, ∀j. It is obvious that ρ′ =
∑
j pj |ψ′j〉〈ψ′j |, so we have
ρ′ = V ρV †.
Now we are ready to present the proof of theorem 1.
8Proof. From Proposition 2 of Ref. [37], every TIO can be implemented by coupling the system to an ancilla E prepared in a
symmetric state via a covariant unitary, so we have
ρ′ ⊗ |φ〉〈φ| = TrE [U(ρ⊗ |φ〉〈φ| ⊗ τE)U†], (26)
where [τE , HE ] = 0 and [U,HS+HC+HE ] = 0. By taking partial trace on S, we have TrSE [U(ρ⊗|φ〉〈φ|⊗τE)U†] = |φ〉〈φ|,
and hence U(ρ ⊗ |φ〉〈φ| ⊗ τE)U† = ρ′SE ⊗ |φ〉〈φ|. By Lemma 5, a covariant unitary V exist such that V (ρ ⊗ τE)V † = ρ′SE .
By taking partial trace on E, we have ρ′ = TrE(ρ′SE) = TrE(V (ρ⊗ τE)V †), which means that ρ′ can be prepared from ρ via
TIO.
B. Asymmetry monotones of qubit states
Here we briefly review several measures of asymmetry (which are monotonic under TIOs), and then compare the ordering of
them for qubit states.
Consider a system with Hamiltonian H and in state ρ. Generally, the measure of asymmetry is a function of both ρ and H . In
the regime we concerned here, the Hamiltonian H is fixed. Hence in the following, we express the measures of asymmetry as
functions of ρ.
The quantum Fisher information is defined as
IF (ρ) := Tr
(
ρ˙∆−1ρ ρ˙
)
, (27)
where ∆ρB := (ρB + Bρ)/2 and ρ˙ = i[ρ,H]. It quantifies the accuracy of a quantum clock specified by the pair (ρ,H). A
related measure is the Wigner-Yanase skew information, which is defined as
IWY (ρ) := −1
2
Tr
(
[ρ
1
2 , H]2
)
. (28)
It has been proved that both IF and IWY are additive on tensor products. Further, these two measures become equivalent for
pure states, i.e., IWY (|ψ〉〈ψ|) = 14IF (|ψ〉〈ψ|) = 〈ψ|H2|ψ〉 − (〈ψ|H|ψ〉)2.
Notice that in the resource theory of asymmetry, the set of free states is convex. Hence, one can employ some general
resource measures to quantify the amount of asymmetry, e.g., the robustness and the distance-based measure. The robustness of
asymmetry [38] is defined as
R(ρ) := inf
γ∈D
{
s :
ρ+ sγ
1 + s
∈ F
}
, (29)
where D is the set of all states of the system and F = {ρ : ρ = e−iHtρeiHt} is the set of symmetric states. It is quantitatively
related to the task of state discrimination. The distance-based measure is defined as the minimum distance from the state ρ
to the set of symmetric states F . Formally, let D(·||·) be a distance measure of states, and the distance-based measure of
asymmetry is defined as AD(ρ) := minξ∈F D(ρ||ξ). When the distance measure D(ρ||ξ) is chosen to be the relative entropy
S(ρ||ξ) := Tr(ρ log2 ρ− ρ log2 ξ), the corresponding asymmetry measure is called the relative entropy of asymmetry. It has
been shown that the relative entropy of asymmetry can be expressed as
Ar(ρ) = S[Π(ρ)]− S(ρ), (30)
where S(ρ) := −Tr(ρ log2 ρ) is the von Neumann entropy, and Π(ρ) ≡
∑
j ΠjρΠj with Πj the projection to the j-th eigenspace
of H .
When the system under consideration is a qubit with fixed Hamiltonian H = ∆2 σ
z , its asymmetry is relevant to the quantum
coherence between the two eigenstates of H . In general, a qubit state can be expressed in the Bloch representation as ρ =
1
2 +
r
2 rˆ · ~σ, where r ∈ [0, 1], ~σ = (σx, σy, σz) and rˆ = (sin θ cosφ, sin θ sinφ, cos θ) is a normalized 3-dimensional real vector.
Direct calculations lead to the following results
R(ρ) = r sin θ, (31)
IF (ρ) = ∆
2(r sin θ)2 = ∆2[R(ρ)]2, (32)
IWY (ρ) =
∆2
4
(1−
√
1− r2) sin2 θ
=
∆2
4
[R(ρ)]2
1 +
√
1− r2 , (33)
Ar(ρ) = h(r cos θ)− h(r), (34)
9where the function h(x) ≡ − 1+x2 log2 1+x2 − 1−x2 log2 1−x2 . From these results, we have the following observations.
Observation 1. Orderings of states. Let ρ1 and ρ2 be two qubit states. Then IF (ρ1) ≥ IF (ρ2) is equivalent to R(ρ1) ≥
R(ρ2). However, it is possible that IWY (ρ1) < IWY (ρ2) and/or Ar(ρ1) < Ar(ρ2). It means that, for qubit states with fixed
Hamiltonian, the quantum Fisher information IF and the robustnessR give the same ordering of states, while the Wigner-Yanase
skew information IWY and the relative entropy of asymmetry Ar give other orderings of states. Therefore, the monotonicity of
any measure is a necessary but not sufficient condition for state transformations under TIOs.
Observation 2. The maximally asymmetric states. All of the measures discussed above reach maximum for the set of states
{ρ|ρ = 12 (1 + cosφσx + sinφσy), φ ∈ [0, 2pi)}, which we call the maximally asymmetric states. Notice that each maximally
asymmetric state can be obtained from the state ρ+ ≡ 12 (1+σx) by a covariant unitary operation. Also notice that the TIO cone
of ρ+ does not include all the qubit states.
C. Modes of coherence and a general form of TIO operations
Consider a system with Hamiltonian H =
∑
j Ej |j〉〈j|. For a quantum state ρ expanded in its energy eigenbasis ρ =∑
i,j ρij |i〉〈j|, a mode of coherence [30] is defined as [39]
ρ(δ) :=
∑
i,j:Ei−Ej=δ
ρij |i〉〈j|. (35)
Here we define matrices
P (δ) :=
∑
i,j:Ei−Ej=δ
|i〉〈j|, (36)
and then the modes of coherence can be written as
ρ(δ) = ρ P (δ), (37)
where the label  denotes the Hadamard product, i.e., the entrywise matrix product.
Let Ut(·) := e−iHt · eiHt denote the free evolution of the system under its Hamiltonian H , and it is directly check that
Ut(ρ(δ)) = e−iδtρ(δ), (38)
and then,
Ut(ρ) =
∑
δ
Ut(ρ(δ))
=
∑
δ
e−iδtρ(δ)
=
∑
δ
e−iδtP (δ)  ρ
= Tt  ρ, (39)
where Tt ≡
∑
δ e
−iδtP (δ).
A TIO operation E satisfies E ◦ Ut = Ut ◦ E , which is equivalent to∑
δ
e−iδtE(P (δ)  ρ) =
∑
δ
e−iδtP (δ)  E(ρ),∀ρ, t. (40)
Then we have
E
(
P (δ)  ρ
)
= P (δ)  E(ρ), ∀ρ. (41)
It means that, by a TIO operation, each mode in the initial state is independently mapped to the corresponding mode of the final
state.
The ChoiJamiokowski matrix of operation E is defined as
JE =
 E(|0〉〈0|) E(|0〉〈1|) · · ·E(|1〉〈0|) E(|1〉〈1|) · · ·
...
...
. . .
 . (42)
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When E is a TIO, then we have
E(|i〉〈j|) = E(P (δij)  |i〉〈j|) = P (δij)  E (|i〉 〈j|) , (43)
where δij = Ei − Ej . Here the first equation is from the definition of P (δ), and the second equation is from Eq. (41). Now we
define a matrix
P :=
 P
(δ00) P (δ01) · · ·
P (δ10) P (δ11) · · ·
...
...
. . .
 . (44)
Then the ChoiJamiokowski matrix of a TIO operation E satisfies
JE = JE  P. (45)
This is the general form of a TIO operation.
As an example, we consider a qubit system with Hamiltonian H = ∆2 σ
z . The matrix P defined in Eq. (44) reads
P :=
(
P (0) P (∆)
P (−∆) P (0)
)
(46)
with P (0) = 1 and P (±∆) = 12 (σ
x± iσy). Then from Eq. (45), the ChoiJamiokowski matrix of a qubit TIO is generally written
as
JE =

p0 0 0 γ
0 1− p0 0 0
0 0 1− p1 0
γ∗ 0 0 p1
 , (47)
where the parameters satisfy p0, p1 ∈ [0, 1] and |γ| ≤ √p0p1, such that JE is positive.
D. TIO cone and CCTIO cone of a qubit state
In the Bloch presentation, a qubit state is generally written as ρ(~r) = 12 (1 + ~r · ~σ), where ~r is a 3-dimensional real vector
with |~r| ≤ 1 and ~σ = (σx, σy, σz). The basic structure of its TIO cone or CCTIO cone is that it is rotationally symmetric about
the z axis. This is because any set of states which are rotationally symmetric about the z axis are equivalent by covariant unitary
operators U(φ) = diag(1, eiφ).
Let the Bloch vector ~r = (η cosφ, η sinφ, z) with η ∈ [0, 1], φ ∈ [0, 2pi), z ∈ [−1, 1]. The TIO cone of ρ(~r) is written as
CTIO[ρ(~r)]
=
{
ρ′
∣∣∣∣ρ′ = 12(1 + η′ cosφ′σx + η′ sinφ′σy + z′σz),
0 ≤ η′ ≤ min
{
η
√
1 + z′
1 + z
, η
√
1− z′
1− z
}
,
z′ ∈ [−1, 1], φ′ ∈ [0, 2pi)
}
. (48)
The reason is as follows. After the action of a TIO in the form of Eq. (47), the qubit state ρ(~r) becomes
ρ′ =
1
2
(
1 + z′ η′e−iφ
′
η′eiφ
′
1− z′
)
(49)
with
z′ = −p1(1− z) + p0(1 + z)− z, (50)
η′eiφ
′
= γηeiφ. (51)
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From Eq. (50) and p0, p1 ∈ [0, 1], we have
p1 =
(1 + z)p0 − (z + z′)
1− z ,
p0 ∈ [0, 1] ∩
[
z + z′
1 + z
,
1 + z′
1 + z
]
. (52)
From Eq. (51) and |γ| ≤ √p0p1, we have
η′ = |γ|η ≤ η√p0p1
≤ η ·min
{√
1 + z′
1 + z
,
√
1− z′
1− z
}
. (53)
Here the last inequality is from Eq. (52). The extreme states, for which the above equality holds, are obtained with |γ| = √p0, p1,
p1 as in Eq. (52), and
p0 = min
{
1,
1 + z′
1 + z
}
(54)
From the rotational symmetry and the convexity of TIO cone CTIO[ρ(~r)], we arrive at Eq. (48). This completes the proof.
Next, we prove the following statement. For state ρ(η) = 12 (1 + ησ
x), the CCTIO cone C(d)CCTIO is symmetric about the xy
plane. The reason is as follows. Suppose ρ↑ = 12 (1 + rxσx + rzσz) ∈ C(d)CCTIO[ρ(η)], namely, a covariant operation E↑ and
a d-dimensional catalyst in state σ↑ exist such that E↑(ρ(η) ⊗ σ↑) = ρ↑|σ↑. Let σ↓ = Uxσ↑Ux and E↓ = Ux ◦ E0 ◦ Ux with
Ux(·) ≡ σx ⊗ Ux(·)σx ⊗ Ux. Here the unitary operator Ux reverses the energy levels of the catalyst C, i.e., it is anti-diagonal
on the eigenbasis of HC with each non-zero entries equal to 1. It is directly checked that E↓ ∈ TIO and E↓(ρ(η)⊗ σ↓) = ρ↓|σ↓
with ρ↓ = 12 (1 + rxσx − rzσz), i.e., ρ↓ ∈ C(d)CCTIO[ρ(η)].
E. Numerical method on evaluating CCTIO cone of qubit states
Here we set the input states and target states as ρS and ρ′S , respectively. In the Bloch representation, the extreme states in
CCTIO cone are defined as those with maximum distance from the z-axis for given r′z ≡ tr(σzρ′S). Since any state in the cone
can be achieved by applying a dephasing map (which is a TIO) on an extreme a extreme state, it is sufficient to solve the extreme
states to obtain the whole cone. Because the CCTIO cone of a qubit system is symmetric about z-axis, we only need to solve
the extreme states within xz plane with x ≥ 0. Our problem then becomes the following optimization task
R
(d)
CC(ρS , r
′
z) = max
σC∈D(H(d)C )
RCC(σC ; ρS , r
′
z), (55)
where D(H(d)C ) is the set of d-dimensional density matrices, and the function RCC(σC ; ρS , r′z) is defined as
RCC(σC ; ρS , r
′
z) = maxE∈TIO
Tr[σxρ′S ]
s.t. ρ′S = TrC [E(ρS ⊗ σC)] ,
σC ≡ TrS [E(ρS ⊗ σC)] ,
r′z ≡ Tr [σzρ′S ] .
(56)
Clearly, the function RCC(ρS , r′z) embeds a lower-level optimization Eq. (56) into a upper-level optimization Eq. (55). Such
optimization task is called bi-level optimization [40], and is generally hard to be solved. Here we first consider the lower level
of optimization, and then describe the methods in solving Eq. (55) for d = 2, 3.
The lower-level optimization as in Eq. (56) can be reformulated as a semi-definite programming (SDP) task, which allows us
effectively solve it in polynomial time via interior point methods [41]. Here, we derive the explicit SDP form in the following.
Let HS = ∆2 σ
z be the Hamiltonian of S and HC =
∑d−1
l=0 l∆|l〉〈l| be the Hamiltonian of C. The eigenbasis of the total
Hamiltonian HSC = HS + HC is labeled as {|ψj〉}2d−1j=0 , and the eigenvalue of each |ψj〉 is denoted as Ej . Thus, the explicit
form of matrix P in Eq. (45) is written as
P =
∑
jk
|ψj〉 〈ψk| ⊗ P (mjk∆) (57)
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where P (mjk∆) is defined in Eq. (36) with mjk∆ ≡ Ej − Ek. Notice that mjk are integers and satisfy −d ≤ mjk ≤ d. Then,
by setting the optimization variable as the ChoiJamiokowski matrix JE of TIO E , we arrive at the SDP form of Eq. (56) as
max
JE
Tr [σxρ′S ]
s.t. JE ≥ 0, (CP condition)
TrS′C′ [JE ] = 1SC , (TP condition)
JE  P = JE , (TIO condition)
ρ′SC := TrSC
[
(ρS ⊗ σC ⊗ 1S′C′)T · JE
]
,
σC ≡ TrS′ [ρ′SC ] , (CC condition)
ρ′S = TrC′ [ρ
′
SC ] , r
′
z ≡ Tr(σzρ′S)
(58)
where CC condition denotes the correlated catalyst condition, S′C ′ is the output space of SC and the total target states ρ′SC
follows the definition of ChoiJamiokowski matrix. In pratice, we use the CVX package [42] to numerically solve this SDP task
with tolerance at 1.81× 10−12.
For the upper part of optimization, the property of RCC(σC ; ρS , r′z) is essential. In the following, we prove the continuity of
RCC(σC ; ρS , r
′
z) on σC , which will help us to find the optimizer of RCC(ρS , r
′
z) over D(HC).
Lemma 6 (RCC(σC ; ρS , r′z) has Lipschitz continuity on σC .). For any pair of catalytic states σC and σC satisfying ‖σC −
σC‖1 ≤ , we have
|RCC(σC ; ρS , r′z)−RCC(σC ; ρS , r′z)| ≤ 4(1 + ). (59)
Here ‖ · ‖1 denotes trace-norm of states.
Proof. For convenience, we set
RCC(σ

C ; ρS , r
′
z) ≥ RCC(σC ; ρS , r′z). (60)
One optimizer of RCC(σC ; ρS , r
′
z) is denoted by E?, and the corresponding output state of S is ρ?S .
The proof is sketched as follows. First, we construct a trace preserving (TP) map N , which is close to E?, and satisfies
N (ρS ⊗ σC) = ρ?S |σC . (61)
Second, we slightly extend the set of free operation which lead to an upper bound of RCC(σC ; ρS , r
′
z). Finally, we prove that
the difference between RCC(σC ; ρS , r′z) and the upper bound of RCC(σ

C ; ρS , r
′
z) is no larger than 4(1 + ).
Let us construct a trace preserving map (which need not to be completely positive) as
N = I ⊗N1 ◦ E? ◦ I ⊗ N0. (62)
Here I denotes the identity map, N0 := I +M0 and N1 := I +M1, whereM0 andM1 are constant maps defined as
M0(·) = σC − σC , M1(·) = σC − σC . (63)
It is easy to check that N satisfies Eq. (61), and that
‖I − N0‖ ≤ , ‖I − N1‖ ≤ , (64)
where ‖ · ‖ is the diamond norm [43]. Then, we examine the distance between N and E? as
‖N − E?‖ ≤ ‖I ⊗M1 ◦ E?‖ + ‖E? ◦ I ⊗M0‖ + ‖I ⊗M1 ◦ E? ◦ I ⊗M0‖
≤ 2(1 + ). (65)
Now we define the set of the allowed bipartite operations for given ρS , σC , and r′z as
O(σC ;ρS ,r′z) =
{E∣∣TrS [E(ρS ⊗ σC)] = σC , Tr [σz TrC (E(ρS ⊗ σC))] = r′z, E ∈ TIO}. (66)
Then Eq. (65) implies that the TP map N is 2(1 + )-close to the set O(σC ;ρS ,r′z).
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Next, we define a set of TP maps as
O(σC ;ρS ,r′z)
=
{E ′∣∣ inf
E∈O(σC ;ρS,r′z)
‖E − E ′‖ ≤ , E ′ ∈ TP, TrS [E ′(ρS ⊗ σC)] = σC , Tr [σz TrC (E ′(ρS ⊗ σC))] = r′z
}
, (67)
and a function as
RCC(σC ; ρS , r
′
z) = maxE′∈O
(σC ;ρS,r
′
z)
Tr[σxρ′′S ],
s.t. ρ′′S = TrC [E ′(ρS ⊗ σC)] ,
ρ′′S is positive semi-definite,
σC ≡ TrS [E ′(ρS ⊗ σC)] ,
r′z ≡ Tr(σzρ′′S).
(68)
Because N ∈ O2(1+)(σC ;ρS ,r′z), we have
RCC(σ

C ; ρS , r
′
z) = Tr[σ
xρ?S ]
= Tr [σx TrC [N (ρS ⊗ σC)]]
≤ R2(1+)CC (σC ; ρS , r′z).
(69)
Then we turn to the difference between RCC(σC ; ρS , r′z) and R
2(1+)
CC (σC ; ρS , r
′
z). From Eq. (67), for any state ρ
′′
S which
can be obtained as ρ′′S = TrC [E ′(ρS ⊗ σC)] with E ′ ∈ O2(1+)(σC ;ρS ,r′z), there exists an operation E ∈ O(σC ;ρS ,r′z), such thatE(ρS ⊗ σC) = ρ′S |σC and
‖ρ′S − ρ′′S‖1 ≤ 2(1 + ), (70)
It follows that
|Tr(σxρ′S)− Tr(σxρ′′S)| ≤ 2‖ρ′S − ρ′′S‖1 ≤ 4(1 + ), (71)
and hence,
R
2(1+)
CC (σC ; ρS , r
′
z) ≤ RCC(σC ; ρS , r′z) + 4(1 + ) (72)
Recalling Eq. (69), we arrive at
RCC(σ

C ;σS , r
′
z) ≤ RCC(σC ; ρS , r′z) + 4(1 + ). (73)
This completes the proof.
The continuity of RCC(σC ; ρS , r′) allows us to numerically calculate R
(d)
CC(ρS , r
′
z) (which is the upper bound of
RCC(σ
(d)
C ; ρS , r
′)) with small error, by uniform sampling of d-dimensional catalytic states. For d = 2, because states which
are rotational symmetric about the z axis are equivalent under covariant unitaries, it is sufficient to sample within xz plane with
x ≥ 0. When d > 2, due to the enormous sampling cost, we can only obtain the local optimal by gradient descent method,
though this continuity property can accelerate the initial sampling process of this optimization task. The technical detail of
solving C(d)CCTIO is shown in the following.
For solving C(2)CCTIO, we uniformly sampling on the xz plane with x ≥ 0, as we have mentioned before. In practice, we sample
on 2-dimensional lattice with constant 1/256 (i.e. the size of lattice cell along both x and z axis is set to be 1/256). Thus, in a
lattice cell, the maximal distance of unsampled points from the sampled point is 2 = 1/(256
√
2). Then, according to Eq. (59),
we obtain the Lipschitz error of upper bound of C(2)CCTIO less than 4(1 + ) ≈ 5.553× 10−3.
For obtaining C(3)CCTIO, we use the gradient descent optimization to find local maximal ofRCC(σ(3)C ; ρS , r′z). The initial points
for gradient descent are chosen via LIPO algorithm [44], which allows us using Lipschitz condition to accelerate the searching
process. Note that we use the HilbertSchmidt ensemble generating method [45] as the sub-task of LIPO to randomly sample the
catalysts. Then we parameterize every 3-dimensional catalysts using eight Gell-Mann matrices [46], such that we can calculate
the approximate gradient in R8. The termination tolerance of function is set at 1 × 10−8. Notice that this strategy can be also
applied to obtain C(d)CCTIO with d > 3.
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F. A generalized protocol
In the main text, we propose a protocol to transform a qubit state ρ satisfying [ρ,HS ] 6= 0 to a state arbitrarily close to ρ+
via CCTIO. Nevertheless, because CTIO(ρ+) does not include all the qubit states, it is not straightforward to see whether one
can transform ρ to any qubit state approximately via CCTIO. In the following, we give an affirmative answer to this question by
generalizing the above protocol.
In the generalized protocol, we start from a state ρ(η, z) = 12 (1 + ησ
x + zσz) with η > 0, and transform it to state
ρ(η′, z′) =
1
2
(1 + η′σx + z′σz) (74)
with 0 ≤ η′ < √1− z′2, under CCTIO.
The setup of the generalized protocol is the same as the protocol in the main text. Here we make two changes. First, at the
beginning of the protocol, we transform the input state ρ(η, z) to ρ(η1, z′) (instead of ρ(η1)) with η1 > 0 via TIO. The second
change is that, the reduced state of each two-qubit particle Ci in the catalyst is set to be
σi = σ(ηi, z
′)
≡ (1
2
+
z′
3
)σ↑(ηi, z′)⊗ | ↑〉〈↑ |
+(
1
2
− z
′
3
)σ↓(ηi, z′)⊗ | ↓〉〈↓ |, (75)
where
σ↑(ηi, z′) ≡ 1
2
1 +
√
3ηi
2(2 + z′)
σx +
z′(8 + 3z′) + 4− η2i
2(2 + z′)(3 + 2z′)
σz,
σ↓(ηi, z′) ≡ 1
2
1 +
√
3ηi
2(2− z′)σ
x +
z′(8− 3z′)− 4 + η2i
2(2− z′)(3− 2z′) σ
z
(76)
are states of qubit Ci1, and | ↑〉 and | ↓〉 are energy eigenstates of qubit Ci2. Here the parameter z′ is determined by the target
state ρ(η′, z′), and ηi depend on both the initial state and the target state.
After the action of Ei, the state of the system qubit becomes ρ(ηi+1, z′) with
ηi+1 = ηi +
ηi(1− z′2 − η2i )
6(4− z′2) , (77)
for i = 1, . . . , N . It is directly checked that ∆ηi ≡ ηi+1 − ηi > 0 for 0 < ηi <
√
1− z′2. Therefore, with finite N , we can
achieve state ρ(ηN , z′) with η′ < ηN <
√
1− z′2. Clearly, ρ(η′, z′) ∈ CTIO[ρ(ηN , z′)]. Hence by our protocol, any state as in
Eq. (74) can be obtained via CCTIO from state ρ(η, z) with η > 0.
Notice that in the Bloch representation, any mixed state in xz plane with x ≥ 0 can be presented in the form of Eq. (74). By
the rotational symmetry of the CCTIO cone of a qubit state, we conclude that the CCTIO cone of an asymmetric state contains
all the mixed qubit states.
